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Abstract

This report describes a unified viscoplastic model for Grade 91 suitable for use with the Sec-
tion III, Division 5 design by inelastic analysis procedures in the ASME Boiler and Pressure
Vessel Code. The report identifies several key features a successful design inelastic model
must capture along with critical aspects of the response of Grade 91 for elevated tempera-
ture loading conditions typical of expected reactor operating conditions. An inelastic model
for Code design must capture the average response of a material including heat-to-heat and
product form variations. This work develops a method for calibrating such a model to a large
experimental database using genetic algorithm optimization. Finally, the report compares
the final model to several specialized experimental tests to validate that it will be suitable
for use in high temperature structural design. The techniques developed here can be applied
to the remaining Section III, Division 5, Class A materials to develop a nonmandatory ap-
pendix to the Code describing inelastic material models suitable for use with the design by
inelastic analysis procedures.
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1 Introduction

This report describes a unified viscplastic model for Grade 91 steel suitable for use with
the design by inelastic analysis method described in Section III, Division 5 of the ASME
Boiler and Pressure Vessel Code [2]. The ultimate goal of this work is to establish reference
inelastic models that can be used for design with the inelastic provisions and collect these
models in a nonmandatory appendix to the Code.

Grade 91 is a ferritic-martensitic steel with excellent high temperature strength, good
thermal conductivity, and low thermal expansion. It was originally developed as part of the
Clinch River Breeder Reactor Project and its mechanical and thermal properties make it an
excellent potential material for sodium heat exchangers. However, there are several modeling
challenges posed by Grade 91’s complex microstructure. This report describes an inelastic
model that captures the average response of Grade 91 steel, as collated in a large collection
of experimental data on various heats and product forms.

1.1 Key deformation mechanisms in Grade 91

Grade 91 has a metastable initial microstructure consisting of large prior austenite grains
with an embedded, complex subgrain structure consisting of packets of material that followed
the same FCC to BCC transition and, within each packet, lath and sublath grain substruc-
ture. The lath and sublaths can be regarded as a ordered dislocation structure, rather than
as strong, high-angle grain boundaries. This structure changes under elevated temperature
loading, significantly affecting the properties of the material in elevated temperature service.

One consequence of this initial structure is that Grade 91 is highly rate sensitive, even
at relatively low temperatures. This means plastic deformation and creep are intrinsically
coupled — prior plasticity significantly affects subsequent creep and vice-versa. Modeling
this type of coupled plastic-creep deformation requires a unified viscoplastic model. However,
at low temperatures typical of plant shutdown conditions Grade 91 has a substantially rate-
independent plastic response. The final model developed here accounts for both deformation
regimes and consistently models the transition between a rate independent and a unified
viscoplastic response.

Another consequence of Grade 91’s as-received microstructure is that the material un-
dergoes cyclic and even monotonic softening at elevated temperatures. At moderate tem-
peratures under cyclic loading the material flow stress decreases rather than increases, as is
typical, for example, in austenitic stainless steels. Similarly, at high temperatures the mate-
rial’s monotonic flow stress decreases with increasing deformation. Both effects are caused
by dislocation recovery from the high density, metastable initial structure.

A final consequence of the material’s complicated microstructure is tension/compression
asymmetry and anomalous ratcheting. The material flow stress in the compression direction
is slightly higher than the flow stress in the tensile direction. For monotonic loading this
difference in flow stress is essentially negligible. However, under cyclic loading these small
differences accumulate to cause anomalous ratcheting: the material ratchets in the tensile
direction even under fully-reversed stress controlled loading.
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1.2 Key features of an inelastic model for Section III, Division 5 design

There are several previous models for Grade 91 in the literature [22, 35]. However, these
models attempt to represent a single batch of material and a single product form. Developing
a material model used for Section III, Division 5 design is substantially more challenging as
it must represent the average behavior of the material as a whole, including heat-to-heat
and product form variation. This report describes a method for systematically calibrating a
model to meet this criterion by using genetic algorithmic optimization to calibrate the model
parameters to match the average response of a large collection of experimental data collected
for various material heats and product forms. Design factors in the creep-fatigue design
process provide adequate margin against structural failure, starting from the assumption
that the model describes an average material response. The Code ratcheting criteria are
framed in terms of an average response. The criteria are formulated to provide an adequate
margin if the material ratchets faster than the average response.

In addition to the change in rate sensitivity mentioned above the general hardening/softening
response of the material changes as a function of temperature. A model used in design must
capture this temperature variation, at least over the range of operating temperatures in fu-
ture high temperature reactors. This report describes a model calibrated for a temperature
range spanning from room temperature to 650◦ C, which covers the Section III, Division 5
Class A use temperature range for the material.

The Grade 91 material model must accurately capture both the material’s long term
creep response — to accurately model the material stress state during long holds at oper-
ating conditions — and also material stress relaxation over shorter time scales, in order to
accurately model creep damage in creep-fatigue loading. This means the model form must
account for both long term creep and shorter term cyclic creep-plasticity.

Finally, a design inelastic model must capture the anomalous ratcheting behavior de-
scribed previously. Section III, Division 5 design by inelastic analysis directly uses the
ratcheting strains from a full inelastic simulation to design structures against ratcheting
strain accumulation. Therefore, these ratcheting strains must include material ratcheting
effects, like anomalous ratcheting, in addition to structural ratcheting effects.

1.3 Overview

Chapter 2 of this report describes the form used for the inelastic model. The model uses
a method for representing rate sensitivity and the transition between a rate sensitive and
rate independent plastic response based on the work of Kocks and Mecking [20, 21, 29]. A
softening Voce isotropic term captures material softening and Chaboche kinematic hardening
[5, 7–12] captures the material’s cyclic plasticity response. A non-J2 flow rule accounts for
anomalous ratcheting.

Chapter 3 describes calibrating the material model parameters to a large collection of
experimental data using genetic algorithm optimization. This process ensures that the ma-
terial model matches the average response of Grade 91 as represented by the experimental
database. Chapter 4 then validates the model against several more complicated experi-
mental tests, including creep-fatigue, thermomechanical, and long-term creep data. The
final chapter summarizes the conclusions of the report and discusses how the methods and
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tools developed for Grade 91 could be applied to the other Section III, Division 5 Class A
materials.
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2 Model form

The inelastic model must be capable of representing the key deformation mechanisms iden-
tified in the introduction. While ultimately the numerical model is tightly coupled — each
feature of the model affects the overall model response — conceptually this chapter associates
a particular model feature with a particular deformation mechanism. This organization re-
flects our process in developing the model and provides some background on how each feature
of the model was selected.

2.1 Continuum Equations

The general form of the model is a non-associative inelastic material model including the
contribution of thermal strain. The model divides the total strain rate into elastic, inelastic,
and thermal contributions:

ε̇ = ε̇elastic + ε̇inelastic + ε̇thermal. (2.1)

The elastic strain rate linearly relates to the stress rate through a temperature-dependent
elasticity tensor C, which is defined here using the temperature-dependent elastic constants
E and ν in Section II of the ASME Code:

ε̇elastic = C−1 · σ̇. (2.2)

The thermal strains are defined by the instantaneous coefficient of thermal expansion α,
similarly taken from Section II of the Code

ε̇thermal = αṪ I (2.3)

where Ṫ is the temperature rate and I is the identity tensor. Combining equations 2.1–2.3
gives the ordinary differential equation

σ̇ = C :
(
ε̇− ε̇inelastic − αṪ I

)
(2.4)

Given some strain history ε (t) and temperature history T (t) the goal of the model is to
predict the stress history σ (t). The only remaining undefined component of the model is the
inelastic strains ε̇inelastic. The remainder of this chapter focuses on defining an appropriate
model for inelastic deformation.

2.1.1 Rate sensitivity

The inelastic model must accommodate the transition from rate independent deformation
at low temperatures to rate dependent plastic flow at higher temperatures. The form of the
stress update — the definition of the inelastic strain rate — is very different for the two types
of behavior yet the two are tightly coupled — prior rate independent plastic deformation
affects later rate dependent deformation at higher temperatures and vice versa.

The first task is to delineate the rate independent and rate dependent regimes. To do
this we use a model developed by Kocks and Mecking [19–21, 28, 29]. Essentially, they posit
a model for the material flow stress as a function of normalized activation energy

g =
kT

µb3
log

(
ε̇0

ε̇inelastic

)
(2.5)
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Figure 2.1: Kocks-Mecking master diagram for Grade 91, using the experimental data sum-
marized in Chapter 3.

where k is the Boltzmann constant, µ the material shear modulus, b the Burgers vector
length, ε̇0 a reference strain rate, and ε̇inelastic is an equivalent, scalar inelastic strain rate.
In this equation T must be an absolute temperature and log is a natural logarithm.

Figure 2.1 shows a Kocks-Mecking diagram for Grade 91, using experimental data de-
scribed in detail in Chapter 3. A Kocks-Mecking diagram plots the log of the material
flow stress, normalized by the temperature dependent shear modulus, versus the normalized
activation energy. This diagram plots data from experiments measuring the material flow
stress in the as-received condition. It uses data from three types of experiments: uniaxial,
monotonic tension tests, creep tests, and stress relaxation tests. Each type of experiment
requires some post-processing to convert the data into the Kocks-Mecking form:

Tension tests Test temperature and strain rate are controlled. Use the measured
yield stress to represent the initial flow stress.

Creep tests The test temperature and the material flow stress are controlled. Use
the initial rate of primary creep as representative of the material in
the as-received condition.

Stress relaxation tests The test temperature is controlled. A stress relaxation test occurs at
fixed strain. Therefore the rate of inelastic and elastic strains must be
equal and opposite to maintain a zero total strain rate. The stress re-
laxation history is measured in the experiment. This stress relaxation
history can be numerically differentiated to get the stress rate. The
rate of inelastic strain is then ε̇inelastic = −σ̇/E. A stress relaxation
test then gives a line on the Kocks-Mecking diagram corresponding
to the measured experimental stress relaxation curve. Figure 2.1 rep-
resents this line with 10 points for each stress relaxation test.

The Kocks-Mecking model shown in Fig. 2.1 gives a model for the initial flow stress as a
function of temperature and strain rate. The bilinear form of the curve is typical for many
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Intercept

Increasing temperature
Increasing strain rate

Figure 2.2: Schematic showing the pameters used to define the Kocks-Mecking flow stress
model

structural materials. The horizontal part of the curve in the high strain rate, low temperature
regime represents rate independent inelastic deformation — temperature and strain rate do
not affect the material flow stress. The linear portion of the curve then represents rate
dependent deformation.

The Kocks-Mecking approach to modeling the flow stress has the advantage of being
physically-based. The Kocks-Mecking normalized activation energy describes the amount of
thermal energy available for a dislocation to use to overcome barriers to slip.

A Kocks-Mecking diagram can be turned into a method for determining whether a model
should take a rate independent or rate dependent step and then also to determine the yield
stress or rate sensitivity parameters for the stress update. Figure 2.2 shows a simplified
schematic of a bilinear Kocks-Mecking model for the initial flow stress defining the parameters
A, B, C, and g0. The next chapter describes how to fit these parameters from experimental
data.

The model uses g0 to select the type of update:

ε̇inelastic =

{
ε̇ri g ≤ g0

ε̇rd g > g0
(2.6)

where subscript ri refers to a rate independent step and rd refers to a rate dependent step.
The two updates are defined by the equations

ε̇ri =γ
∂f

∂σ
(2.7)

γ ≥ 0 (2.8)

f (σ) ≤ 0 (2.9)

γf (σ) = 0 (2.10)

γḟ (σ) = 0 (2.11)
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and

ε̇rd = γ̇
∂f

∂σ
(2.12)

γ̇ =
〈f (σ)〉n

η
(2.13)

σf = σiso (2.14)

n = − µb3

kTA
(2.15)

η =eBµε̇
kTA/(µb3)
0 . (2.16)

In these equations f is a flow function, 〈〉 are the Macaulay brackets, and the remaining
parameters are defined through the Kocks-Mecking model. Both models use

f (σ) = L (σ − x)−
√

2

3
(σ0 + σ1) (2.17)

where L, x, and σ1 are defined below. σ0 is the offset stress, defined differently for the rate
independent and rate dependent updates:

σ0 =

{
µeC g ≤ g0

0 g > g0.
(2.18)

For the rate dependent update the rate sensitivity parameters provide the correct values of
the initial flow stress. The rate independent update uses σ0 to set the initial yield stress.

The Kocks-Mecking model predicts that the material rate sensitivity depends on both the
temperature and strain rate. Higher temperatures and slower strain rates will trigger a rate
dependent step; lower temperatures and faster strain rates will trigger a rate independent
step. This relates to the underlying material physics. At slower strain rates dislocations
have more time to sit at obstacles and it is more likely that random thermal fluctuations will
enable the dislocation to move past the obstacle. This behavior also ensure that the model
will capture creep deformation at all temperatures as a slower strain rate will trigger a rate
dependent response.

The remainder of the model is the same for both the rate independent and rate dependent
updates. Note that the model, thus far, has not defined any history variables to evolve the
flow stress and all history variables have identical definitions in both types of updates. This
ensures that the model consistently tracks the evolution of the flow stress, accounting for
prior material history whether it was generated in the rate independent or rate dependent
regimes.

2.1.2 Cyclic softening

The introduction identified cyclic and work softening as critical features to capture in a model
for the constitutive response of Grade 91. The model uses the isotropic hardening/softening
portion of the model, σ1, to capture this behavior. The model uses a Voce softening model
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to represent both work and cyclic hardening, at low temperatures, and work and cyclic
softening, at high temperatures:

σ̇1 = δ (σ1 −Q) γ (2.19)

where δ and Q are both temperature-dependent material parameters. This definition makes
σ1 the first of several history variables determining the flow stress of the material as a function
of prior deformation history.

In this equation Q is the saturated value of the isotropic part of the flow rule. If Q > 0 it
describes cyclic and work hardening or if Q < 0 it describes cyclic and flow softening. This
model can then accommodate both the low and high temperature experimental behavior of
Grade 91.

2.1.3 Cyclic plasticity

Under stress-controlled loading isotropic hardening or softening models an increase or de-
crease in the height of the stress/strain hysteresis loop. Kinematic hardening models a shift
in the center of the hysteresis loop. Accurately capturing this shift is critical for modeling
ratcheting strain accumulation in structures, which is one of the main objectives for a inelas-
tic constitutive model used for high temperature design. Kinematic hardening is modeled
with the backstress x in Eq. 2.17. A model for cyclic plasticity then is a set of evolution
equations for this kinematic hardening backstress.

There are several competing modeling approaches in widespread use for elevated tem-
perature cyclic plasticity including frameworks developed by Ohno and Wang [30, 31] and
Krempl [24, 25, 33]. We elect to use what is probably the most widely used kinematic
hardening framework, developed by Chaboche [5–7, 9, 11, 12]. In its simplest form it is a
generalization of the classic Frederick and Armstrong model [16].

x =
n∑
i=1

xi (2.20)

ẋi =

(
2

3
Ci
∂f

∂σ
−
√

2

3
γixi

)
γ̇ (2.21)

where n is the number of backstresses, Ci and γi are temperature dependent material con-
stants. Each backstress introduces a tensor, stress-like history variable into the formulation.

The basic Chaboche model can, with sufficient backstresses, predict the evolution of
cyclic plasticity hysteresis as the stress-strain hysteresis loop evolves to some steady state as
inelastic deformation progresses. This basic model does not predict any change in the flow
stress under static conditions.

2.1.4 Tertiary creep

A common extension to the base Chaboche model is to add a term to model static recov-
ery – a reduction in the backstress at static conditions caused by purely thermal recovery
mechanisms. The final model for Grade 91 uses this full Chaboche form, including the static
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Figure 2.3: Ratcheting data from Yaguchi and Takahashi [36] showing anomalous ratcheting
under fully-reversed stress controlled load.

recovery terms:

x =
n∑
i=1

xi (2.22)

ẋi =

(
2

3
Ci
∂f

∂σ
−
√

2

3
γixi

)
γ̇ − Ai

√
3

2
‖xi‖ai−1 (2.23)

where Ai and ai are parameters describing static recovery and ‖‖ denotes the 2-norm.
Without the static recovery terms the model predicts only primary and secondary creep.

That is, the creep rate in the material under constant load decreases and saturates to some
constant value. The static recovery terms provide a mechanism for an accelerating creep
rate at long times at high temperatures.

2.1.5 Anomalous ratcheting

Figure 2.3 shows results of a ratcheting experiment by Yaguchi and Takahashi [36] on Grade
91. This test plots the mean strain — the center of the hysteresis loop — as a function of
cycle number for stress controlled loading at several different R ratios, where

R =
σmin
σmax

. (2.24)

Under fully-reversed loading (R = −1.0) Grade 91 ratchets – the stress-strain hysteresis
loop moves in the tensile direction. This is anomalous behavior as under fully-reversed
loading the material strain should be symmetric and there should be no ratcheting. While
this anomalous ratcheting is most obvious for fully reversed loading it affects the ratcheting
response of the material for any loading ratio.

Figure 2.4 explains the cause of this anomalous ratcheting. This figure shows the results
from a tension and compression test by Yaguchi and Takahashi [36] under the same loading
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Figure 2.4: Tension/compression tests reported in Yaguchi and Takahashi [36].

conditions — only the direction of load is different. The two stress-strain curves show
a slight tension-compression asymmetry — the flow stress in the compression direction is
slightly higher than in the tension direction. This tension-compression asymmetry explains
anomalous ratcheting. The small differences in tension and compression flow stress cause a
shift in accumulated inelastic strain on each leg of the load cycle under fully-reversed load,
causing the material to ratchet in the tensile direction.

The final model accounts for this anomalous ratcheting through the flow function, defined
by the function L above. A standard material model would use a J2 flow theory where
L (σ) = J2 (σ). This type of model would not predict ratcheting under fully-reversed load.

Instead we use a flow function developed by Yaguchi [37] specifically to account for
tension/compression asymmetry and ratcheting in Grade 91. The flow function takes the
form

L (σ) = ‖s− x‖ − h sign (p) pl (2.25)

where s is the deviatoric stress, p = tr (σ), and h and l are temperature dependent material
parameters which can be calibrated to match experimentally-observed tension/compression
asymmetry.

Not counting the elastic and thermal properties, this model has 15 constants at a fixed
temperature. A complete, temperature dependent model must define these constants as a
function of temperature.

2.2 Discrete update equations

The numerical implementation of the model is a fully-implicit integration of Eq. 2.4, which
in turn invokes Eqs. 2.6, 2.11, 2.16, 2.17, 2.19, and 2.23. The form of the numerical model
is

σn+1 =σ̂n+1 (εn+1, εn, Tn+1, Tn, tn+1, tn,σn,hn) (2.26)

hn+1 =ĥn+1 (εn+1, εn, Tn+1, Tn, tn+1, tn,σn,hn) (2.27)
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where subscript n+1 are quantities at the next timestep and subscript n indicates quantities
at the previous time step. Here h is the total set of history vectors, i.e. the vector con-
catenating the isotropic term σiso and the backstresses xi. The model then requires strain,
temperature, and time information for the next timestep and returns the updated stresses
and history variables. This is the typical form for integration into finite element simulations.

The fully-implicit coupled integration of Eqs. 2.26 and 2.27 requires the Jacobian of
those equations with respect to both the stress and history. Additionally, integration into
an implicit finite element framework requires the algorithmic tangent

An+1 =
dσ̂n+1

dεn+1

. (2.28)

The implementation of the model used in this report uses the exact form of all these deriva-
tives, ensuring the implementation achieves optimal convergence.
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3 Calibrating the model parameters

3.1 Experimental data

This chapter describes how we fit the model parameters described in Chapter 2. The first
task is to establish a database of experimental results to use in calibrating the model.

Table 3.1 summarizes the sources of data used to fit the model. In general, the calibration
data falls into one of several types of standard tests:

1. Monotonic tension tests at controlled temperature and controlled strain rate or stroke
displacement rate.

2. Creep tests at fixed load and temperature.

3. Stress relaxation tests at fixed strain and temperature.

4. Strain controlled tests (fatigue tests) with fixed temperature, maximum and minimum
strain, and strain rate.

5. Stress controlled tests (ratcheting) with fixed temperature, maximum and minimum
stress, and stress rate.

An effort was made to collect metadata describing the test conditions. However, some data
required to fully define the testing conditions was not commonly reported. For example, the
initial loading rate was not reported for creep tests. Reasonable assumptions were made to
fill in for missing data.

Overall, the experimental database contains data from 463 experiments collected from a
wide variety of sources and for a number of different batches of Grade 91 material.

3.2 Fitting procedure

We can divide the model properties into three categories:

1. Properties that can be established from reference data.

2. Properties that can be fit with standard regression techniques.

3. Properties that must be fit through sophisticated optimization methods.

The model elastic and thermal properties fall into the first category. These parameters
can be directly taken from Section II of the ASME Code. These properties are temperature
dependent. The Code tables provides finely granular data. In between these points the
model linearly interpolates the parameters. Table 3.2 lists the model elastic and thermal
properties, extracted directly from the Code.

Note all the parameters in this report are given in units consistent with the system defined
by megapascals of stress, millimeters of distance, and seconds of time. In this system of
units energy is expressed in millijoules, force in newtons, and mass in tonnes. Temperature
dependent parameters are provided as functions of relative temperature, degrees Celsius.
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Source Test types
Asayama and Tachibana[3] Creep, stress relaxation
Choudhary and Isaac Samuel [13] Creep
Kim and Weertman [17] Monotonic, cyclic
Kimura, Kushima, and Sawada[18] Creep
Koo, Lee, and Kwon [22, 23] Cyclic, stress relaxation
Latha et al. [26] Monotonic, creep
Maruyama et al. [27] Creep
Swindeman [32] Monotonic
Yaguchi and Takahashi [35–37] Monotonic, stress relaxation, cyclic
Zhang and Aktaa [38] Cyclic
Archived DOE reports All types of experiments

Table 3.1: Table summarizing the sources of experimental data used to calibrated the Grade
91 inelastic model

In the Kocks-Mecking equation relative temperatures must be converted to Kelvin absolute
temperatures.

The Kocks-Mecking model rate sensitivity parameters fall into the second category. As
described in the previous chapter, these properties can be determined from a bilinear fit
to experimental data plotted on a Kocks-Mecking diagram. Figure 2.1 is a Kocks-Mecking
diagram for Grade 91 plotting data from the tension, creep, and stress relaxation tests sum-
marized in Table y. The Kocks-Mecking model parameters A, B, C, and g0 were established
by fitting a bilienar model to this data using nonlinear least-squares regression. In addition
to these parameters, defining the normalized activation energy g requires several physical
constants and the reference strain rate ε̇0. This reference strain rate was established by
hyperparameter optimization. Potential reference strain rates were considered in the range
from 100 s−1 to 1010 s−1 and the final model uses the value that gives the smallest standard
error when comparing the experimental data to the best bilinear fit.

Table 3.3 lists the physical constants and the optimal value of the reference strain rate.
Table 3.4 lists the best-fit Kocks-Mecking parameters for Grade 91

The rest of the parameters were calibrated using genetic algorithm (GA) optimization.
Based on a simple hyperparameter optimization study we use two backstresses in the final
model. We elected to control the values of these parameters at six interpolation control points
at 25, 400, 500, 550, 600, and 650◦ C. In between these temperatures the model linearly
interpolates the parameter values. Each temperature requires defining 15 parameters, for a
total of 90 parameters to calibrate.

The fitness metric used in the GA is the integrated difference between some response
curve describing the experimental data and a corresponding simulation. For example, for a
tension test the metric for a single test is

ei =

∫ εmax

0

|σexp (ε)− σmodel (ε)| dε (3.1)

where σexp (ε) is the experimental stress-strain curve measured in the experiment and σmodel (ε)
is the stress-strain curve predicted by a simulation using the inelastic material model at the
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Temperature Young’s Modulus Poisson’s ratio Coefficient of thermal expansion
(◦ C) (MPa) (10−6 mm

mm/◦C)
20 213000 0.3 10.5
50 - 0.3 10.8
75 - 0.3 11.0
100 208 0.3 11.2
125 - 0.3 11.4
150 205 0.3 11.6
175 - 0.3 11.8
200 201 0,3 12.0
225 - 0.3 12.2
250 198 0.3 12.4
275 - 0.3 12.5
300 195 0.3 12.7
325 - 0.3 12.8
350 191 0.3 13.0
375 - 0.3 13.1
400 187 0.3 13.3
425 - 0.3 13.4
450 183 0.3 13.6
475 - 0.3 13.7
500 179 0.3 13.8
525 - 0.3 14.0
550 174 0.3 14.2
575 - 0.3 14.4
600 168 0.3 14.6
625 - 0.3 14.9
650 161 0.3 15.2

Table 3.2: Table of elastic and thermal properties for the Grade 91 model. These properties
are taken directly from Section III, Division 5 of the ASME Code [1].

Constant Description Value
ε̇0 Reference strain rate 1010 s−1

k Boltzmann constant 1.38064× 10−20 mJ
◦C

b Burgers vector length 2.48× 10−7 mm

Table 3.3: Physical constants used in the Kocks-Mecking model.

Parameter Value
A -9.698
B -8.509
C -5.119
g0 0.3496

Table 3.4: Calibrated material properties for the Kocks-Mecking rate sensitivity model
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Parameter Value
Population size 75
Elitism 5
Tournament size 3
Cross over probability 0.5
Mutation probability 0.2
Individual parameter mutation probability 0.05
η polynomial mutation parameter 2.0

Table 3.5: Hyperparameters used in the genetic algorithm optimization scheme.

experimental temperature and strain rate. Similar comparison metrics can be defined for
each of test types used to calibrate the model. For the cyclic tests the metrics are defined
using per-cycle quantities of maximum, mean, or minimum stress or strain, depending on
the test type, to avoid integrating through the entire stress-strain history.

The overall fitness function is the weighted sum of each individual comparison metric
between an experiment and a corresponding simulation. The weights for each test were
selected to normalize the data to account for the different number of types of tests in each
category. That is, if there are m tests of a certain type (e.g. creep tests) then the calibration
weight is 1/m.

The genetic algorithm works with a “population” of “individual” models. Each individual
is encoded with a genome – here the unrolled vector of the complete model parameters.
The parameters describing each individual, i.e. fully describing the model, are initialized
randomly, within some reasonable bounds. The GA used here has a population size of 75.
The genetic algorithm evolves this population to increase the overall mean population fitness,
i.e. increase the average agreement between the models and the experimental data.

GAs are iterative. In each iteration, often called a generation, the algorithm applies a
series of processes to the population that modifies the genome of each individual to improve
the mean population fitness. These steps, for the specific GA used here, are:

1. Fitness evaluation: run a simulation for each experiment in the database and sum the
weighted comparison metrics to assign a fitness to each individual in the population.

2. Selection: the model uses tournament selection with a tournament size of 3 to select
pairs of individuals for the next step.

3. Reproduction: the selected pairs of individuals are used to produce a new, child indi-
vidual through two point crossover.

4. Mutation: a bounded polynomial mutation is used to randomly alter some of the child
parameters.

This process is used to create 70 new child individuals. The remaining five individuals
the individuals in the parent population with the five best values of fitness. This selection
strategy is called elitism. All these steps are more fully described in [14]. Table 3.5 lists the
hyperparameters used in the GA optimization scheme.
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Parameter Units 25◦ C 400◦ C 500◦ C 550◦ C 600◦ C 650◦ C
h - 2× 10−4 2× 10−4 2× 10−4 2× 10−4 2× 10−4 2× 10−4

l - 1.91 1.91 1.71 1.69 1.61 1.51
Q MPa -96 -96 -150 -151 -151 -131
δ - 2.00 1.71 1.71 1.51 1.51 1.00
C1 MPa 14500 15000 19000 19200 19900 19000
γ1 - 141 141 802 792 803 803
A1 MPa1−a1 1× 10−15 1× 10−15 1× 10−15 1× 10−15 1× 10−15 1× 10−15

a1 - 3.5 3.5 5.97 5.97 7.47 9.46
C2 MPa 12500 12500 12500 12600 12400 12400
γ2 - 60.6 60.4 200 200 202 202
A2 MPa1−a2 1× 10−15 1× 10−15 1× 10−15 1× 10−15 1× 10−15 1× 10−15

a2 - 3.5 3.5 5.96 5.96 7.51 9.53

Table 3.6: Material properties calibrated with the GA optimization scheme

This process continues for 100 generations, which is a sufficient number of iterations to
get to a stable population fitness. The final optimized model is the individual with the best
fitness after 100 generations.

The evaluation of the population fitness scores can be done in parallel. In fact, each
individual simulation of an experiment can be done independently of all the others. These
evaluations were done in parallel on a cluster with 1600 cores. The complete optimization
process requires over 1 week of wall time, representing about 300,000 core-hours of compu-
tational effort. The GA used here was implemented in Python using the DEAP framework
[15].

This calibration process explicitly includes the temperature interpolation scheme in the fit
because experimental data is available in the database for temperatures in between the model
control points. The process does not fit parameters at several discrete temperatures with
available experimental data and then assume that parameters can be interpolated between
these fixed points. Instead, the interpolation process itself is part of the calibration – the GA
aims to minimize the total error over all temperatures, not just at the temperature control
points.

Table 3.6 lists the optimal parameter set calibrated with the GA. Tables 3.2, 3.3, and
3.4, together with the mathematical definition of the model in the previous chapter, fully
define the final model.

3.3 Basic mechanical response of the model

This section summarizes the basic mechanical response of the final model and compares
the model predictions to the data used in the calibration process, described in the previous
section. Figures 3.1–3.9 plot the model flow curves at fixed temperatures and different strain
rates. The plots show the effect of the Kocks-Mecking model for rate sensitivity — at low
temperatures the model is rate insensitive, the strain rate does not affect the flow curve. At
high temperatures the model flow stress is rate-dependent.
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Figure 3.1: Model flow curves at T = 25◦ C as a function of increasing strain rate.
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Figure 3.2: Model flow curves at T = 100◦ C as a function of increasing strain rate.
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Figure 3.3: Model flow curves at T = 200◦ C as a function of increasing strain rate.
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Figure 3.4: Model flow curves at T = 300◦ C as a function of increasing strain rate.
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Figure 3.5: Model flow curves at T = 400◦ C as a function of increasing strain rate.
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Figure 3.6: Model flow curves at T = 500◦ C as a function of increasing strain rate.
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Figure 3.7: Model flow curves at T = 550◦ C as a function of increasing strain rate.
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Figure 3.8: Model flow curves at T = 600◦ C as a function of increasing strain rate.
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Figure 3.9: Model flow curves at T = 650◦ C as a function of increasing strain rate.
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Figure 3.10: Model flow curves as a function of increasing temperature (in ◦C) at fixed strain
rate.
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Figure 3.11: Model creep rate curves for 500◦ C.

Figure 3.10 plots the model flow curves at fixed rate but increasing temperature. The
model predicts a reasonable evolution of yield stress and work hardening/softening behavior
with increasing temperatures. The yield stress decreases and the model switches from work
hardening to work softening as the test temperature increases.

Figures 3.11–3.14 show simulated creep test results at several temperatures and a variety
of applied stresses. The creep response of the model is reasonable for Grade 91. The
creep curves transition from primary to tertiary creep without a long period of steady-state
secondary creep. The static recovery terms adequately capture the increase in creep rate in
the tertiary regime.

Finally, Figures 3.15-3.35 compare the model predictions to the experimental database
used to calibrate the parameters. These curves cover a temperature range from 25 to 650◦

C. Depending on the test temperature there are up to four plots per temperature showing
results from uniaxial tension, creep, stress relaxation, and strain controlled cyclic tests. The
model adequately captures the underlying fit data. However, this is not a true validation
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Figure 3.12: Model creep rate curves for 550◦ C.
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Figure 3.13: Model creep rate curves for 600◦ C.
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Figure 3.14: Model creep rate curves for 650◦ C.
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Figure 3.15: Comparison between model and experiment for uniaxial tension tests at T =
25◦ C.
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Figure 3.16: Comparison between model and experiment for strain controlled cyclic tests at
T = 25◦ C.

test, as this data was used to calibrate the model parameters.
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Figure 3.17: Comparison between model and experiment for uniaxial tension tests at T =
200◦ C.
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Figure 3.18: Comparison between model and experiment for uniaxial tension tests at T =
300◦ C.
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Figure 3.19: Comparison between model and experiment for uniaxial tension tests at T =
400◦ C.
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Figure 3.20: Comparison between model and experiment for stress relaxation tests at T =
400◦ C.
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Figure 3.21: Comparison between model and experiment for uniaxial tension tests at T =
500◦ C.
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Figure 3.22: Comparison between model and experiment for creep tests at T = 500◦ C.
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Figure 3.23: Comparison between model and experiment for stress relaxation tests at T =
500◦ C.
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Figure 3.24: Comparison between model and experiment for strain controlled cyclic tests at
T = 500◦ C.

0.0000 0.0025 0.0050 0.0075 0.0100

Strain (mm/mm)

0

200

400

S
tr

es
s

(M
P

a)

Experiment

Model

Figure 3.25: Comparison between model and experiment for uniaxial tension tests at T =
550◦ C.
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Figure 3.26: Comparison between model and experiment for creep tests at T = 550◦ C.
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Figure 3.27: Comparison between model and experiment for stress relaxation tests at T =
550◦ C.
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Figure 3.28: Comparison between model and experiment for strain controlled cyclic tests at
T = 550◦ C.
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Figure 3.29: Comparison between model and experiment for creep tests at T = 575◦ C.
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Figure 3.30: Comparison between model and experiment for uniaxial tension tests at T =
600◦ C.
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Figure 3.31: Comparison between model and experiment for creep tests at T = 600◦ C.
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Figure 3.32: Comparison between model and experiment for stress relaxation tests at T =
600◦ C.
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Figure 3.33: Comparison between model and experiment for strain controlled cyclic tests at
T = 600◦ C.
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Figure 3.34: Comparison between model and experiment for uniaxial tension tests at T =
650◦ C.
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Figure 3.35: Comparison between model and experiment for creep tests at T = 650◦ C.
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4 Model validation

This chapter validates the model through comparison to experimental data. The validation
data used here was, in general, not used to fit the model parameters. This ensure the
validation data did not bias the model fit. This chapter is structured to address the key
model features identified in the introduction.

4.1 Batch and product form variation

Figure 4.1 plots the yield stress as a function of temperature predicted by the model at the
fixed, ASTM E-21 [4] strain rate of ε̇ = 8.33 × 10−5 s−1. Also shown on the figure are the
data used by ASME to determine the Code value of yield stress Sy. This figure serves two
purposes. Most of the ASME data was not used to fit the model so this figure validates
the model yield stress as a function of temperature. There is likely some overlap between
the model fit database and the ASME database that cannot be eliminated, as the ASME
metadata is insufficient to determine which tests overlap. However, the ASME database
contains far more yield stress tests than the full uniaxial flow stress tests used in fitting
the model, so the two sets of data are mostly independent. The model captures the mean
behavior of the ASME dataset, implying the model is a good description of the average
material response of Grade 91.

The second purpose of the figure is to illustrate the large material heat and product form
variation in the material properties of Grade 91. The calibrated model is deterministic and
does not capture this scatter. The Section III, Division 5 approach for design by inelastic
analysis uses an average property structural analysis and bounds variation in the design
allowables. So, for Code use, an inelastic model capturing the average material response is
adequate.

However, this scatter in actual material properties means that the average inelastic model
will never exactly match the experimental response measured for any particular sample of
Grade 91 material. Consider the simplest case where we use the model to predict a measured
experimental value of yield stress. Figure 4.1 implies that, due to batch and product form
variation, it is extremely improbable that the model prediction will match the experimental
measurement. This is acceptable for design using the ASME Code. However, it does make
validating the model challenging as we cannot expect perfect agreement between the model
and the validation tests.

Therefore, the expectation when comparing the model the validation tests is that the
model response is “reasonable.” The model should capture the correct trend in the experi-
mental data but we must allow significant differences in the model flow stress, compared to
the flow stress measured in the experiment.

4.2 Temperature variation

The model must correctly capture the average response of Grade 91 over the ASME allowable
use temperature range. Thermomechanical tests assess the ability of the model to capture
the mechanical response of the material over a temperature-varying load history. These
types of tests are particularly relevant for the design of high temperature reactors, where
thermal transients will be significant in design load cases.
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Figure 4.1: Model prediction for the material yield stress as a function of temperature (solid
line) plotted with the data underlying the ASME Code values of yield stress Sy (points).

Figures 4.2 and 4.3 compare the model predictions to two thermomechanical tests per-
formed by Oak Ridge National Laboratory [34]. These tests were done with fully-constrained
uniaxial samples. Temperature variation provides all the mechanical load through con-
strained thermal expansion. One test cycled the temperature of the sample between 500◦ C
and 600◦ C and the other test cycles between 150◦ C and 650◦ C. For each figure subfigure (a)
shows the specimen temperature history and subfigure (b) compares the model prediction
(black) to the experimental results (red) by plotting the stress in the sample as a function
of time. The figures show good qualitative agreement between the model and simulation.
The direction of thermal ratcheting is consistent as is the trend in the evolution of the cyclic
thermal stress.

These thermomechanical tests are challenging to accurately model as the response of
the test depends on the temperature-dependent material properties over a wide range of
temperatures. The success of the model in matching the available experimental data im-
plies the Grade 91 inelastic model captures the average response of the material undergoing
representative thermal loads.

4.3 Long term creep

Representing the long-term creep response of Grade 91 is critical for a model used to design
reactor structure for long service lives. The previous chapter shows that the model accurately
recover the creep test data used to calibrate the model parameters.

To validate the model’s creep response Figs. 4.4-4.7 compare simulated isochronous
curves to the isochronous curves for Grade 91 in Section III, Division 5 of the ASME Code.
The Code curves are supposed to represent the average creep response of Grade 91 and are
constructed using a wide range of available creep test data. The simulated curves and the
ASME curves are very similar in the operating creep temperature range of 500◦ to 650◦

C, demonstrating that the model accurately represents the average response of Grade 91
material.
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The black line is the simulation and the red
line is the experimental data

Figure 4.2: Comparison between the results of a thermomechanical test on a Grade 91 sample
and corresponding simulation predictions.

4.4 Creep-fatigue loading

As described in the introduction, capturing the response of Grade 91 under cyclic, creep-
fatigue loading is crucial in accurately determining the design life of structural components.
The Code uses both the strain range and the stress relaxation profile from a component
analysis in computing the creep-fatigue life of a structure. Figure 4.8 shows several different
representations of a comparison between a simulation and a creep-fatigue experiment con-
ducted at Argonne National Laboratory. The test and simulation cycle the material under
fully reversed strain controlled loading with a strain range of ∆ε = 0.5%, a strain rate of
ε̇ = 10−3 s−1, and at a temperature of T = 550◦ C. The test holds the specimen at the
maximum tensile strain for t = 100 min each cycle.

Subfigure (a) compares the model (black) and experimental (red) hysteresis loops over
the full test. Subfigure (b) shows the loop during the second load cycle. Subfigure (c) shows
the stress relaxation profile (stress versus time) during the tension hold in the second cycle.
Subfigures (d) and (e) show the hysteresis loop and the stress relaxation profile during the
50th load cycle.

Given the scatter caused by batch variation, the model reasonably predicts both the
stress range and the stress relaxation profile measured in the experiment. This validation
test demonstrates that the inelastic model can be used to design structures for creep fatigue
loading, following the ASME procedure.
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Figure 4.3: Comparison between the results of a thermomechanical test on a Grade 91 sample
and corresponding simulation predictions.

4.5 Anomalous ratcheting

Finally, the introduction noted anomalous ratcheting in Grade 91, where the material ratch-
ets in the tensile direction under fully-reversed stress controlled load. The non-J2 flow rule
used in the final model is designed to capture this behavior. Figure 4.9 compares experimen-
tal data to the model predictions for stress-controlled tests with various R ratios. The model
correctly predicts the ratcheting trend, including capturing the tendency of the material to
ratchet under fully-reversed, stress-controlled loading (R = −1).

These results show that the final inelastic model for Grade 91 captures all the key struc-
tural responses identified in the introduction as being important for ASME design. This
model can therefore be proposed for incorporation into the ASME Code as part of a non-
mandatory appendix describing reference viscoplastic models that can be used to execute
the ASME design by inelastic analysis design provisions.
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Figure 4.4: Comparison between model (solid) and Code (dashed) isochronous stress-strain
curves at 500◦ C. From top to bottom and blue to red colors the curves are for 1, 10, 100,
1,000, 10,000, 100,000, and 300,000 hours.
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Figure 4.5: Comparison between model (solid) and Code (dashed) isochronous stress-strain
curves at 550◦ C. From top to bottom and blue to red colors the curves are for 1, 10, 100,
1,000, 10,000, 100,000, and 300,000 hours.
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Figure 4.6: Comparison between model (solid) and Code (dashed) isochronous stress-strain
curves at 600◦ C. From top to bottom and blue to red colors the curves are for 1, 10, 100,
1,000, 10,000, 100,000, and 300,000 hours.
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Figure 4.7: Comparison between model (solid) and Code (dashed) isochronous stress-strain
curves at 650◦ C. From top to bottom and blue to red colors the curves are for 1, 10, 100,
1,000, 10,000, 100,000, and 300,000 hours.
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(e) Cycle 50 stress-strain hysteresis loop.

Figure 4.8: Comparison between model (black) and experiment (red) for a creep-fatigue test.
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Figure 4.9: Comparison between model (solid) and experiment (dashed) for several stress
controlled cyclic tests with various R ratios.
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5 Conclusions

This report describes a material model for Grade 91 steel suitable for use with the Section III,
Division 5 design by inelastic analysis provisions of the ASME Boiler and Pressure Vessel
Code. The model captures the average response of Grade 91, accounting for batch and
product formation variations, and represents several key deformation modes identified in
this report as critical for design. The report validates the model against several specialized
experimental tests.

The methods developed here, particularly the genetic algorithm optimization process, can
be applied to the remaining Class A materials to develop a nonmandatory appendix describ-
ing reference material models suitable for Code design use. Critical deformation mechanism
will vary for the different materials and so the model forms will also vary. However, the same
general process can be used to calibrate the models, once a general model form is developed.

The Kocks-Mecking model rate sensitivity model can also be applied to the other mate-
rials. Though Grade 91 likely has the lowest rate-sensitivity temperature of all the Class A
materials, the other materials will also transition from a rate independent to a rate dependent
plastic response.

The model for Grade 91 described here is substantially complete. If component test data
becomes available in the future it should be validated against those results. The validation
tests used here represent key features of a structural response, but a complete component
test would be even more useful in validating that the model can be used for high temperature
design calculations.
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